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To derive an estimate of torque ripple in permanent magnet synchronous motor (PMSM), analytic expression of torque is developed
using the stator flux linkages. The flux linkage data are obtained from FEM analysis, and they are expressed as Fourier series after
a dq transformation. Further, the torque equation is obtained using the Fourier coefficients and the first three harmonic components
(6th, 12th, 18th) are used to make a torque ripple estimate. Through comparison studies, it is shown that the prediction matches
well with the FEM results. The prediction may be used as a guide for reducing the torque ripple at the motor design stage.

Index Terms—Finite element analysis, Fourier series, permanent magnet machines.

I. INTRODUCTION

A PMSM with high saliency ratio tends to have a large
torque ripple [1]. To suppress the torque ripple, step skewing
is generally utilized [2]. However, a best effort is exercised to
reduce torque ripple by adjusting positions of flux barriers in
the design stage [3], [4]. Jeong and Nam [5] expressed torque
ripple analytically utilizing the Fourier series expansion of flux
linkages. In this work, the magnitude trend of torque ripple
is predicted by using the harmonic components of the flux
linkage.

II. TORQUE RIPPLE ANALYSIS USING FLUX LINKAGES

The ISG under study has the following specifications:
starting torque; 43.0 Nm, continuous rated torque; 11.5 Nm,
maximum speed; 18000 rpm, maximum torque ripple; less
than 10 %, and dc link voltage of the inverter; 42 VDC.
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Fig. 1. Flux linkage at the rated current in (a) abc-frame and (b) synchronous
dq-frame.

The flux linkages, (λa, λb, λc) in the abc-frame are obtained
by FEM simulation as shown in Fig. 1 (a). The simulation was
performed at a rated condition: current magnitude Is = 190 A,
current angle β = 36◦, and speed ωm = 209.4. The
flux linkages are transformed into a stationary dq-frame via
λd + jλq = 2

3

(
λa + ej

2π
3 λb + ej

4π
3 λc

)
. Fig. 1 shows an

example dq-fluxes corresponding to (λa, λb, λc). The funda-
mental components of (λd, λq) are dc, since the currents are
fed synchronously to the motor speed. But they have ripples
caused by stator slotting and rotor field harmonics. The ripples
in (λd, λq) are interpreted as the main sources causing torque
ripples, thereby the ripples need to be analyzed.

We take the Fourier transform of (λd, λq) with respect to
the geometric angle, θm:

λd(id, iq, θm) =

∞∑
ν=0

χ
(ν)
d (id, iq) cos (6νpθm + ϕ

(ν)
d ), (1)

λq(id, iq, θm) =

∞∑
ν=0

χ(ν)
q (id, iq) sin (6νpθm + ϕ(ν)

q ), (2)

where ν is the multiple number of the 6th harmonic order, p is
pole pair, id and iq are d- and q-axis currents, χ(ν)

d and χ(ν)
q

are Fourier coefficients, and ϕ
(ν)
d and ϕ

(ν)
q are phase angles

corresponding to 6ν harmonics. Note that only the harmonics
of multiples of 6th remain in a three phase machine when
there is no unbalance among phases. Nonlinearity becomes
significant as the current magnitude increases due to core sat-
uration and armature reaction. Such nonlinearity with current
is reflected in the Fourier coefficients by denoting χ

(ν)
d and

χ
(ν)
q as functions of id and iq . To obtain functional description

with respect to id and iq , the above process must be repeated
for all (id, iq) in the current operation range. A methodology
to obtain approximate functions was appeared in [5].

From the flux linkage, torque is represented as:

T̂ =
3

2
p

[
λ̂diq − λ̂qid + id

∂λ̂d

∂θm
+ iq

∂λ̂q

∂θm

]
− ∂Wm

∂θm

=
3

2
p

3∑
ν=0

[
χ
(ν)
d (id, iq) cos (6νpθm + ϕ

(ν)
d )iq

−χ(ν)
q (id, iq) sin (6νpθm + ϕ(ν)

q )id (3)

−6νpχ
(ν)
d (id, iq) sin (6νpθm + ϕ

(ν)
d )id

+6νpχ(ν)
q (id, iq) cos (6νpθm + ϕ(ν)

q )iq

]
− ∂Wm

∂θm
,

where λ̂d and λ̂q are approximations of λd and λq in (1), (2)
obtained by truncating high order terms ν ≥ 4, and ∂Wm

∂θm
is the

cogging torque. Note that λ̂diq−λ̂qid = ψmiq+(Ld−Lq)idiq
in the linear model, where ψm is a back-EMF constant, and
Ld and Lq are d- and q-axis inductances, respectively. It is
the main torque component containing a dc term, whereas the



others describe ripple components. We group the d- and q-axis
components of the same harmonic numbers:

T0 =

∣∣∣∣32p(λ̂diq − λ̂qid
)
− Tav

∣∣∣∣ , (4)

Tν =
3

2
p · 6νp×√

(χ
(ν)
d id)2 + (χ

(ν)
q iq)2 − 2χ

(ν)
d χ

(ν)
q idiq sin (ϕ

(ν)
q − ϕ

(ν)
d )

for ν = 1, 2, 3, (5)

where Tav is the average torque. In deriving (5) the cosine law
is applied. T0 represents a ripple contained in the primary dc
component, while T1, T2, T3 do ripple components caused by
6th, 12th, 18th flux harmonics, respectively. Fig. 2 shows rip-
ple components, T0, T1, T2, and T3 when current magnitudes
and current angles are (Is, β)= (280, 0◦), (190, 36◦), and (90,
70◦). It shows that the 6th harmonic is the most influential in
all cases.

Fig. 2. Torque ripple magnitudes, T0, T1, T2, and T3 when the currents are
(Is, β) = (280, 0◦), (190, 36◦), and (90, 70◦).

As a torque ripple estimate, it is proposed here to use the
sum up to 18th order:

M , T1 + T2 + T3. (6)

Note that M represents the sum of the harmonic powers of
6th, 12th, and 18th.

III. TORQUE RIPPLE SUPPRESSION DESIGN

Fig. 3 shows a sectional view of the ISG motor which has
8-pole, 72-slot, and delta-type magnet arrangement. Two flux
barrier angles, γ and δ are selected as design parameters for
suppressing torque ripple, while the other variables such as
magnet lengths and positions were fixed. It is observed that the
torque ripple is sensitive to the flux barrier location determined
by γ and δ.

Fig. 3. Sectional view of the ISG motor and design parameters, γ and δ.

To find the ripple minimizing solution, FEM analysis was
performed by varying γ and δ from 90◦ to 108◦ and from
90◦ to 135◦, respectively. At the same time, we calculated
M for each design following the procedure illustrated in the
above section. Fig. 4 shows that the ripple trends when γ and

δ change at a rated condition, (Is, β)=(190, 36◦). Note that
the FEM results and the ripple prediction by M have similar
trends.
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Fig. 4. Trends of M and torque ripple (FEM results) at a rated condition,
(Is, β)=(190, 36◦) versus (a) γ and (b) δ.

To study M as an indication of torque ripple, comparison
analysis was done extensively. Fig. 5 shows contours of M
and torque ripples obtained by FEM simulation over the γ—
δ plane. They agree in general, and in finding a minimizing
solution, γ = 96◦ and δ = 117◦.
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Fig. 5. Contours: (a) M and (b) torque ripple (FEM) at (Is, β)=(190, 36◦).
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Fig. 6. Torque ripple waveform when the (γ, δ) = (96, 99) and (γ, δ) =
(96, 117).

Fig. 6 shows sample torque ripples versus angle for (γ, δ) =
(96, 99) and (γ, δ) = (96, 117). The ripples are 20.9% and
9.7%, respectively.
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